ON SYNTHETIC INTERPRETATION OF QUANTUM PRINCIPAL 

BUNDLES 



TOMASZ BRZEZINSKI 

Abstract. Quantum principal bundles or principal comodule algebras are re-interpreted 
as principal bundles within a framework of Synthetic Noncommutative Differential Ge- 
ometry. More specifically, the notion of a noncommutative principal bundle within a 
braided monoidal category is introduced and it is shown that a noncommutative prin- 
cipal bundle in the category opposite to the category of vector spaces is the same as a 
faithfully flat Hopf-Galois extension. 



1. Introduction 

The idea of Synthetic Differential Geometry [17] which originates from synthetic con- 
siderations of Sophus Lie is very simple: All geometric constructions are performed within 
a suitable base category in which space forms are objects. For classical geometry the base 
category is cartesian closed, i.e. it has finite products (e.g. the cartesian product in the 
category of sets) and the exponentials (that is the collection of functions between space 
forms is such a form). Furthermore it often comes equipped with a method of constructing 
and classifying sub-objects (the sub-object classifier); in a word a base category is a topos. 
In this article we use a synthetic method in description or re-interpretation of principal 
bundles in Noncommutative Differential Geometry. 

This article is addressed to noncommutative geometers and Hopf algebraists who are 
familiar with general category theory culture but are not experts in category theory. The 
aim is to explain categorical ingredients that enter a synthetic definition of a principal 
bundle and then to show that noncommutative generalisation of this definition yields 
in particular principal comodule algebras or faithfully flat Hopf-Galois extensions. The 
full geometric potential of Hopf-Galois extensions was probably first explored in [7], but 
only now solid topological and geometric evidence is being gathered that affirms that 
principal comodule algebras should be accepted as principal bundles in noncommutative 
geometry [3]. Thus this article might be intrepeted as making a synthetic case for this 
claim. We also hope that this article will contribute to greater appreciation of the power 
of categorical (and synthetic) thinking in Noncommutative Geometry. 

We assume that the reader is familiar with basic concepts and terminology of category 
theory such as a monomorphism, epimorphism, functor, natural transformation, adjoint 
functors, unit and counit of adjunction and equivalence of categories. Some familiarity 
with finite limits, in particular products, pullbacks and equalisers is also needed, although 
these notions will be explained in due course. [18] is the standard reference for all cate- 
gorical concepts not explained in this article. Details of Hopf algebra theory in braided 
monoidal categories that feature prominently in Section 3 may be found in [19, Chapter 9]. 
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2. Explaining the definition of principal bundles 

In a synthetic formulation the definition of a principal bundle is very succinct; see [15], 
[16]. Let <£ be a category with finite limits (for example the category (Set of sets or the 
category of smooth manifolds). This means that <£ has a terminal object, binary products 
and equalisers; see [18, Section V.2, Corollary 1]. We briefly explain these three terms 
presently. A terminal object in <£ is an object that is a codomain for exactly one arrow from 
any object in (£ (for example, any singleton set is a terminal object in ©et). A (binary) 
product of objects E±, E 2 is an object E\ x E 2 together with two arrows p\ : E\ x E 2 — > E\ 
and p 2 '■ E\ x E 2 — > E 2 , known as projections, such that, for any morphisms q± : D —* Ei, 
q 2 : D — > E 2 , there exists a unique morphism / : D — > E 1 x E 2 , such that p 1 o f — q 1 and 
T>2 ° / = <?2 (for example the cartesian product of sets is a product in ©et). An equaliser 
of morphisms q±, q 2 : D — > E 1 is an object C together with a morphism t : C — > P that 
equalises q\ and 52, that is gi o t = g 2 1, and has the following universal property. For any 
morphism p : P — > P that equalises gi and 52, there exists a unique arrow q : 5 — > C 
such that p — ioq. 

Let G a group object in (£ (i.e. an object with associative multiplication G x G — > G, 
neutral (global) element * — ► G, where * is a terminal object in and with the inverses 
given by an isomorphism G — > G). In case of category of sets G is simply a group, in the 
category of smooth manifolds it is a Lie group etc. Let B be an object in (2. A principal 
G-bundle over B is an object P together with a morphism n : P — > _B and a (right) 
G-action g : P x G — > P such that the the following diagram 

(2.1) PxGi?^B, 

e 

where p is the projection, is exact. The term exact means that 

(a) (2.1) is a coequaliser diagram, 

(b) (2.1) is a kernel pair diagram, 

(c) 7r is an effective descent epimorphism, 

and our aim in this section is to explain the meaning of (a)-(c). 

The meaning of (a) is most straightforward as the definition of a coequaliser is obtained 
by reversing of all the arrows in already recalled definition of an equaliser. Explicitly, (2.1) 
is a coequaliser diagram provided n coequalises p and g, i.e., nop = nog, and for any other 
morphism : P — > A coequalising p and g there exists a unique morphism tfj : B — > A 
fitting the following diagram 

P xG ^T f^fi 

Q 

■ ' 

A. 

The existence of such a unique ip is referred to as the universal property of coequalisers. 

Before moving to condition (b), we can look at the meaning of (a) in case <£ is the 
category Set of sets. In this case P x G is the usual cartesian product, p, g, n are 
functions and writing x ■ g for g{x,g) (the action of g G G on x G P), the coequalising 
property of 7r means that, for all b G G, x G P, 




ir(x ■ g) = n (p(x,g)) = tt(x). 
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The universal property now means that (up to an isomorphism) B = P/G (the quotient 
set) and, by the coequalising property, n : P — > B is the canonical surjection. 

Since (£ has finite limits, in particular it has pullbacks. That is, for any pair of mor- 
phisms with common codomain, /i : E\ — > B, f 2 : E 2 — > -B, there is a diagram (i.e. an 
object -Ei x B E 2 and two morphisms pi, P2 fitting the following diagram) 



Ei x B E 2 



pi 



E 1 



V2 



h 



Eo 



h 



B, 



with the following universal property. For any object F and morphisms q\ : F — > Si and 
q 2 : F ^ E 2 such that f 2 oq 2 = fi°qi, there exists a unique morphism 7 : F — > £1 x B E 2 
such that p 2 ° 7 = q 2 and pi o 7 = q 1 . One should keep in mind that a pullback (as every 
finite limit) is a particular equaliser; see [18, Section V.2, Theorem 2]. 

The statement (b) that (2.1) is a kernel pair diagram means that the (unique) map 
7: P x G -> P x B P, 

PxG 




is an isomorphism. 

Again we can look at the case of sets. The pullback P x B P of n is a subset of P x P, 

Px B P = {{x,y) EPxP\ ir(x) = n(y)}, 

while pi,p 2 are restrictions of canonical projections P x P — > P. The map 7 is therefore 
given by 

l(x,g) = (x,x-g), 

and its bijectivity means precisely that the action of G on P is free. 

The explanation of the condition (c) requires a quick tour of the descent theory. We 
follow formulation of effective descent morphisms presented in [13]. With any object A of 
<£ one can associate its comma category or category of objects over A, ((£ J, A). Objects in 
(<£ I A) are morphisms with codomain A, i.e. pairs (E, /), where E is an object in € and 
/ : E — > A is a morphism. A morphism from (£1, fi) to (£2, ^2) in the comma category 
(<E i A) is a morphism h : E\ — > £2 in <£ making the following triangle 



£1 



£2 




(2.2) 



commute. While objects in (£ have no elements in a set theoretic sense, one can treat all 
morphisms with codomain A as generalised elements of the object A. Thus ((£ j A) can 
be thought of as a collection of elements of A; see [17, Part II] for an in-depth discussion 
of generalised elements in relation to comma categories. 
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Any morphism n : P — > P in <B induces a pair of functors between the comma categories 
(<£ | P) and ((BIB). The functor 7n : ((B I P) — > ((B J, B) is given by the composition 
with n, that is 7T\(E, f) = (E, n o f) on objects and 7T\(h) = h on morphisms in (<B I P). 
The functor 7r* : (<B I B) — > (6 J, P), to every morphism / : E — > P in (£ assigns the 
projection p 2 in the pullback 



(2.3) 



Px B P 

P2 



PI 



For all morphisms h : (Pi,/i) 
following pullback diagram 



E 



B, 7T*(E,f) = (Ex B P,p 2 ). 

—> (-E'2,/2) in (<£ I P), 7T*(^) is a unique filler in the 



Pi x 




where pi and unmarked arrows are relevant canonical projections. 

The functor n\ is the left adjoint of the functor n*. The counit of this adjunction, 
e : 7Ti o n* — > id( g j B ), assigns to a morphism / : P — > P the projection pi in the pullback 
(2.3), which is clearly a morphism in (<£ | P) between 

7ri07r*(P,/) = tti(E x B P,p 2 ) = (E x B P,tt op 2 ) 

and (E,f). The unit 77 : id(g|p) — > 7r* o 7Ti assigns to / : P — > P the unique morphism 
(P, /) that fits into the diagram 




A monad or a £np/e on a category (£ is a functor T : € — > S together with two natural 
transformations \i : T o T — > T (the multiplication) and 77 : idg — >• T (the unit) which 
satisfy the associativity and unitality conditions. Explicitly, recall that to each object P 
in (B, a natural transformation \x assigns a morphism \i B : ToT(E) — > T(P) and 77 assigns 
a morphism t]e : P — > T(E). The associativity and unitality conditions state that, for all 
objects P, 

yUE AtT(£) = P(/Us), Vt(e) = He° T(r) E ) = id T(fi ). 

To a monad (T, /x, 77) one associates its representation category known as the Eilenberg- 
Moore category of algebras or modules <B T . The objects are pairs (X,£), where X is an 
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object in (£ and £ : T(X) — > X is a morphism such that 

£°/ix = £oT(£), £o^ x = id x , 

(i.e. £ is associative and unital). One refers to £ as a structure map for the module X. A 
morphism of modules is a morphism in (E that commutes with the structure maps. 

We have all the ingredients needed for explaining condition (c) at hand. Going back to 
the morphism it : P — > B, the adjunction ir\ H n* induces a monad T = it* o m on (<£ | P) 
with /i(E,f) = n*( € ™(E,f)) = 7r*(e(£,vro/)), for all (E, /) £ (6|P), and unit 77. Furthermore, 
it induces the functor K : ((£ j 5) — > (6 j P) T , known as the comparison functor, that 
fits the following diagram 

^ -(<£|P) T 




where C/ is the forgetful functor. The commutativity of the diagram means that the object 
part of K(E,f) is the projection p 2 : E x B P — > P in the pullback diagram (2.3), i.e. 
n*(E,f). The structure map is 

7r*(e (J3)/) ) : T o 7i*(E, f) = vr* o tt, o tt*(P, /) — tt*(P, f) = (Ex B P,p 2 ). 

The morphism 7r : P — > P is an effective descent morphism provided the associated com- 
parison functor K is an equivalence of categories. Of course effective descent epimorphism 
is an effective descent morphism which is an epimorphism. 

In case of the category of sets, every epimorphism (surjective function) is an effec- 
tive descent morphism, but in case of other categories condition (c) carries non-trivial 
information. 



3. TRANSLATING THE DEFINITION OF PRINCIPAL BUNDLES 

In this section we would like to translate carefully the definition of principal bundles to 
the case of braided monoidal categories with equalisers preserved by the tensor product. 
The ongoing programme whose foundations are presented in [20] makes a very solid case 
for such categories to be a proper environment for Noncommutative Geometry. 

A category 53 is called a monoidal category if there exist a functor — <E>— : 23 x 03 ^ 23, 
a distinguished object 1 in 23 and isomorphisms 

ax,Y,z ■ (X®Y)®Z -> X®(Y®Z), \ x : 1®X -> X, g x : X®1 -> X, 

natural in X, Y, Z, such that, for all objects W, X, Y, Z in 23, the following diagrams 

({W®X)®Y)®Z aw - x - Y&d % (W®(X®Y))®Z ^^1^ W®((X®Y)®Z) 



a W®X,Y,Z 



id w ®a x ,Y,z 



(W®X)®(Y®Z) *w,x,y®z ^ W®(X®(Y®Z)) , 
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and 



fty i y 

pT®l)®Y X®(1®Y) 



X®Y 

commute. The functor ® is referred to as the tensor or mnoidal product and 1 is called 
the monoidal unit. A monoidal category is said to be strict monoidal if the isomorphisms 
a x,Y,z, and are identities, for all objects X, Y, Z of 05. Although there might be 
rather few strict monoidal categories in nature, any monoidal category is equivalent to 
a strict one. It is therefore customary (and very convenient) to treat monoidal category 
as if it were strict monoidal, and not to write the rearranging brackets isomorphisms 
(or associators) ax,Y,z and the unitors \x and Qx in any formulae (each of these Greek 
letters will denote something else in the sequel). With this convention in mind, a monoidal 
category is denoted by (05,®, l,r), and the brackets are not written between multiple 
tensor products. 

A (strict) monoidal category (05, ®, 1, r) is said to be a (strict) braided monoidal cate- 
gory if, for any pair of objects X, Y of 05, there exists an isomorphism, called a braiding, 
tx,y '■ X®Y — > F®X, natural in X and Y, such that, for all objects X, Y, Z of 05, Ti x, 
t x,i are identity morphisms (up to unitors), and 

(id Y <S)Tx,z) ° (7x,y®idz) = t x ,y®z, (r x ,z&d Y ) o (id x ®ry iZ ) = t x ® y ,z, 

(the associators in the first equality and their inverses in the second one are not written 
explicitly). The naturality of braiding means that, for all morphisms / : X — > Y and all 
objects Z, 

ty,z ° (/®idz) = (idz®/) ° t x ,z, tz,y ° (idz®/) = (/<8>id z ) o r z , x . 

A braided monoidal category is denoted by (05,®, l,r). The examples of particular 
interest are the category OJectt of vector spaces over a field k, with the monoidal product 
given by the standard tensor product of k-vector spaces, monoidal unit 1 = k and with 
the braiding r provided by the flip, and its opposite category 2Ject£ p . (Recall that the 
opposite category is obtained from the original one by reversing all the arrows.) 

As in the category of vector spaces in any monoidal category one can consider monoids 
or algebras and comonoids or coalgebras. These are defined in the same diagrammatic way 
as usual k-algebras and k-coalgebras. In braided monoidal category, the tensor product of 
two coalgebras (algebras) is again a coalgebra (algebra). If C is a coalgebra in (05, ®, 1, r) 
with comultiplication Ac : C — > C®C and counit Eq '■ C — > 1, and D is a coalgebra with 
comultiplication A^ : D — > D®D and counit Ed '■ D — > 1, then C®D is a coalgebra with 
counit Sc®£d and comultiplication 

(3.1) C®D C®^®^®^ : C®D®C®D. 

Similarly, if A is an algebra with multiplication tua and unit 1a '■ 1 — > A, and B is an 
algebra with multiplication mg and unit 1^ : 1 — > A, then A®B is an algebra with unit 
1a® 1b and multiplication 



(3.2) A®B®A®B >■ A®A®B®B >■ A&B. 

Thus, similarly as for k-algebras and k-coalgebras, in a braided monoidal category one 
can combine algebras and coalgebras to define bialgebras and Hopf algebras. 
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The aim of this section is to translate the definition of principal bundles to the case 
of braided monoidal categories. The translation procedure we employ follows the same 
principle as in [1]: we interpret the category of sets as a monoidal category (with the 
cartesian product understood as the tensor product, the monoidal unit given by the 
singleton set, and the braiding provided by the flip) and reformulate notions described in 
the preceding section in the way suitable for a general monoidal category. As with every 
translation, some information is lost some other gained, but it is hoped that the general 
spirit is preserved. 

The first observation is that every set X is a comonoid or a coalgebra with the unique 
comultiplication given by the diagonal function, 

A x ■ X — > X x X, x h-> (x, x). 

The coassociativity of this comultiplication is obvious. The counit is the unique map 
Ex '■ X — > *, where * is a fixed singleton set understood as the monoidal unit in the 
category of sets. The standard identification Xx* = X = *xX immediately yields 
the counitality of A X - Guided by this we should consider comonoids or coalgebras in 
(03, ®, 1, t) as basic objects. 

Since any set has unique comultiplication and counit, a group G is the same as a 
Hopf algebra in the category of sets; the standard compatibility conditions between co- 
multiplication and multiplication etc., are automatically satisfied (the singleton set * is 
understood as a monoid in the only possible way) . The antipode S is given by the inverse 
function 

S ; G - G, g~\ 
This antipode is obviously bijective (in fact, involutive, since S o S — idgr). Thus for a 
group object in a braided category 03 we take a Hopf algebra H in 03 (and we may assume 
that H has a bijective antipode, although it is not needed at this point). 

Again, since the comonoid structure on a set is uniquely given, the action of a group 
G on a set P is compatible with the comonoid structures. This means that the action 
g : P x G — > P makes P into a right module coalgebra over the Hopf algebra G (all in 
the category of sets), i.e., for all x G P and g G G, 

(3.3) A P (x-g) = A P (x)-A G (g), 

where the action on the right hand side is defined componentwise. Obviously Sp{x • g) = 
ep(x)ec(g)- Thus, in a braided monoidal category 03, P is required to be a right if -module 
coalgebra with the if-action g : P®H — > P. The compatibility (3.3) is then expressed 
in the element-free way and with the use of the braiding r as the commutativity of the 
following diagram 

P®H P P®P 



Ap®A H 

P(g)P(g)H®H P&H&P&H, 

and Bp o g = ep^En, i.e. g is a morphism of coalgebras (comonoids) in 03. 

In the case of sets the canonical projection p : P x G — > P, (x, g) \— > x can be identified 
with the function (x, g) \— > (x, *) = x (where * stands for the only element of the singleton 
set *), i.e. p can be identified with idp x e g . In this form, the map p can be translated to 
a braided monoidal category 03. 

These are ingredients needed for the definition of a noncommutative principal bundle. 
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Definition 3.1. Let (03, ®, 1, r) be a braided monoidal category with equalisers preserved 
by the tensor product. Let if be a Hopf algebra in 03 and B be a coalgebra in 03. A right 
if-module coalgebra P (with action g : P®H — > P) together with a coalgebra morphism 
n : P — > £> is called a noncommutative H -principal bundle provided that the following 
diagram 

(3.4) P H =£ P — ^ B, 

e 

of comonoids is ®-exact. 

The term '<g)-exact' is a translation of the term 'exact' explained in Section 2 to braided 
monoidal categories. Therefore, its meaning comprises three statements: 

(A) (3.4) is a coequaliser diagram, 

(B) (3.4) is a kernel pair diagram of comonoids in 23, 

(C) 7r is an effective descent epimorphism of comonoids in 03. 

The statement (A) is the same as (a) in Section 2, the meaning of (B) and (C) need to 
be explained. In due course the need for and meaning of the assumptions that 03 has 
equalisers and that they are preserved by the tensor product should become clear. 

As already mentioned in Section 2, in the category of sets a pullback of a : E\ — > B 
and P : E 2 — > B is a subset of E\ x E 2 defined by 

E 1 x B E 2 = {{x,y) eE 1 xE 2 \ a{x) = /%)}. 

Since all sets are comonoids, and functions are maps of comonoids, the set E\ is a right 
_B-comodule and E 2 is a left -B-comodule with coactions 

Ai = (id^ x a) o A El : E\ — > E\ x B, a(x)), 

and 

A 2 = {(5 x id E2 ) oA E2 :E 2 ^BxE 2 , (P(y),y). 

Thus 

E 1 x B E 2 = {(x,y) eE l xE 2 \ (x,a(x),y) = (x, P(y),y)} = E^bE^ 

where E\U B E 2 denotes the equaliser of Ai x id^ 2 and id^ x A2, i.e. the cotensor product 
of comodules. This indicates that pullbacks in a category with finite limits should be 
translated to cotensor products of comodules in a monoidal category. 

While the decision which of the monoids turn into left and which one in the right 
comodule is somewhat arbitrary, this ambiguity vanishes if we want to equalise the same 
morphism. This leads to the following lemma and definition which explain (B). 

Lemma & Definition 3.2. Let 03 be a monoidal category (not necessarily braided). 
Consider a diagram of comonoids 



a 



(3.5) C^^P—^B, 

in which Troa = no p, i.e. tt coequalises a and p. Assume that there exists the equaliser of 
(idp®7r®idp) o (Ap®idp) and (idp£g>7r®idp) o (idp®Ap), and denote it by PO B P. Then 
there exists a unique morphism 

can : C -> PU B P, 
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PD R P 

The diagram (3.5) is said to be a kernel pair diagram of comonoids in 23 provided the map 
can is an isomorphism. 

Proof. Start with the following straightforward calculation: 

(idp®7r®idp) o (Ap®idp) o (a®f3) o A c = (idp(g>7rCg>idp) o (a®a®(3) o (A c ®id c ) o Ac 

= (idp<g>7r<g>idp) o (a®(3®(3) o (idc-OAc) o A c 
= (idp(g)7T(g)idp) o (idptgAp) o (a®(3) o A c . 

The first and the third equalities follow by the fact that a and (5 are morphisms of 
comonoids, while the second equality is a consequence of the coassociativity of Ac and 
the fact that n coequalises a and f3. The existence and uniqueness of the morphism can 
now follow by the universal property of equalisers. □ 

Lemma 3.3. In the setting of Definition 3.1, can : P^H — > PU B P is the unique mor- 
phism induced by the composite 

(3.6) P®H — ^ P®P®H P —-^ P®P. 

Proof. The form of the map can is obtained by the following computation 

(idp<g>£p<g>£>) o A Pcg) p = (id P <8>e H <8)Q) ° (id P ®Tp tH ®id H ) ° (A P ®A H ) 

= (idp®^) o (idp(g)idp(g)£:p(8)idH) ° (A P ®A H ) 

= (idp<g>£>) o (A P &d H ), 

where the second equality follows by the naturality of the braiding and from the fact that 
(up to unitors) the braiding rpi is the identity. □ 

The property (B) thus states that the map can induced by (3.6) is an isomorphism. 

It remains to explain the meaning of (C), or, more precisely to translate (c) so that the 
meaning to (C) can be given. Take a set A. The comma category (Set j A) consists of 
functions / : X — > A. A function / : X — > A can be equivalently described as a function 
assigning to X the graph of /, i.e. as 

graph(/) : X -> X x A, x^(x,f(x)). 

If A is understood as a comonoid (in a unique way), then (X, graph(/)) is a right A- 
comodule (graph(/) is a coaction). The commutativity of the diagram (2.2) for a morphism 
g : (Xi, fi) — > (X 2 , f-i) in (Set j A) is equivalent to the commutativity of the following 
diagram for the induced coactions graph(/i), graph(/ 2 ) 



Xi X2 



graph (/l) 



graph (/ 2 ) 



X, x A 9XidA - X 2 x A. 

Therefore, the comma category (Set | A) is the same as or isomorphic to the category of 
right A-comodules. 
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In a monoidal category 03, by the comma category of a comonoid A we understand 
the category of right A-comodules <£omou(A). We should point out at this point that the 
choice of right over left A-comodules is arbitrary. We also do not require the objects of 
the comma category of A to be (morphisms of) comonoids, as the notion of an effective 
descent morphism of comonoids can already be introduced in present generality. 

A morphism of comonoids n : P — > P induces a functor m : Comoo(P) — > £omoc)(P) 
by composition with the coaction. If (P, A) is a right P-comodule, then 



is a right P-comodule. On morphisms ir\(h) = h. In the case of sets this is exactly the 
functor ii\ between comma categories described in Section 2. To see this one should use 
the identification of a function / with the function graph (/) into its graph. 

The construction of the functor n* : (£omoo(P) — > £omoo(P) requires additional as- 
sumptions on the monoidal category 03. First we need to look at the case of sets, and 
study the diagram (2.3). The pullback in diagram (2.3) is 



where E is the right P-comodule with coaction graph (/) and P is the left P-comodule 
with coaction (n x idp) o A P . The P-coaction induced by the projection p 2 is 

graph(p 2 ) : Ex B P^Ex B PxP, (e,x) i-> (e, x,p 2 (e, x)) = (e,x,x), 

that is graph(p 2 ) = idp x A P |p Xs p • Translating this to the monoidal category 03 we 
conclude that, for all P-comodules (P, A), 



For this functor to be defined we thus need to require the existence of equalisers in 03 
to obtain the object part of the comodule, and these equalisers need be preserved by the 
tensor product (meaning: after tensoring an equaliser we again obtain the equaliser) for 
idpDpAp to be a well-defined coaction (this explains the origin of assumptions on OS 
made in Definition 3.1). More explicitly, by idpDpAp we understand the unique arrow 
in the following diagram 



7r,(P,A) = (P, (idp<g>7r) o A), 



Ex B P = {(e,x) e E x P \ 7r(x) = /(e)} 

= {(e,x) EExP\ (e,n{x),x) = (graph(/)(e), x)} = EU B P, 



7T*(P,A) = (PDpP,idpDpAp). 



(idfi ®7r®idp ®idp ) o (idfi ® Ap ®idp ) 



(3.7) 



(PDpP) ® P E®P®P 



Z E&B&P&P 



v 



A®idpg>idp 



id B (g)Ap 



\ 




EU B P. 



The existence and uniqueness of idpDpAp with specified codomain follow by the assump- 
tion that the tensor product preserves equalisers, so that the top row in diagram (3.7) is an 
equaliser. On morphisms of right P-comodules / : (Pi,Ai) — > (P 2 ,A 2 ), 7r*(/) = /Dpidp 
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is the unique filler in the following equaliser diagram 

(id B2 ®7r® id P ) o (id Ea <g> A P ) 

(3.8) E 2 U B P ^P 2 ®P^ I E 2 ®B®P 

\ l A 2 ®id P 

f&dp 



\ 

\ 

fu id"" E ^ P 

\ 

\ 

\ 



E X U B P. 

At this point the translation stops and the development of translated notions follows its 
own course. 

If OS has equalisers and equalisers are preserved by the tensor product, then to any 
morphism of comonoids n : P — > B one can associate a pair of functors 

7r, : £omoO(P) -> ftomod(B), n* : £omoD(P) -> £omot)(P). 

This is an adjoint pair with n\ the left adjoint of ir*. For any P-comodule (E, A), the unit 
of the adjunction is 

77 (E)A) : (P, A) -> 7T* o tt^P, A) = (PDpP, idpDpAp), = A, 

where P on the right hand side of the first equality is understood as a right P-comodule 
with the coaction (idp®7r) o A, and A is the (universally induced) unique filler in the 
following diagram 

(id E igw (xjidp ) o (id E <g> Ap ) 

ED B P P®P I E®B®P 



V 

N A 

p. 



(ids (g)7r(g)idp ) o ( Aigiidp ) 



For any P-comodule (P, A), the counit of the adjunction 

e(E,x) ■ m o tt*(P, A) = (Ea B p, id E n B ((idp®7r) o A P )) -> (P, A), 
is the composite 

e {E ,x) : EU B P E ®P _^f£_ 

The morphism idpdp ((idp®7r) o Ap) is defined by a diagram similar to (3.7). Since 
7r : P — > P is a morphism of comonoids, e B oir = e P , and PDpP is isomorphic to P (with 
the isomorphism induced by idp®£p), the counit of adjunction 6(p,a) can be identified 
with idedp7r. 

The monad (T = n* o 7T\, /i, rj) on the category <£omoo(P) induced by the adjunction 
7T\ H 7r* according to the standard procedure described in Section 2 comes out as follows. 
For any right P-comodule (P, A), 

(3.9) T(P, A) = (PDpP, idpDpAp), V{E>X) = A, 
and 

(3.10) /i(p, A) = e ( p, A) Dpidp : PDpPDpP (P®P)DpP (ldE0£p)DBldp * ED B P, 

where P is understood as a right P-comodule by the coaction acquired from tt\, i.e., 
(idp<g>7r) o A. 
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An algebra or module over the monad (T, //, rj) is a triple (E, A,£), in which (P, A) 
is a right P-comodule (i.e. an object in the category £omoD(P) on which T operates) 
and £ : EO B P — > P is a morphism of P-comodules rendering commutative the following 
diagrams 



(3.11) 



ED B P 



M(B,A) 



En B p 



E, 




ED B P 



As in Section 2 (or, indeed, as in the case of any adjoint pair of functors), associated to the 
comonad morphism 7r : P — > P there is a comparison functor P connecting the category 
of B comodules with the category <£omoD(P) T of algebras over the monad T — tt* o m. P" 
fits into the commutative triangle 



£omoc)(P) 



if 



€omoc)(P) :i 



u 



ComoO(P). 



Explicitly, for any P-comodule (P, A), 

(3.12) P(P, A) = (PD B P, id B D B A P , e (£iA) n B idp) . 

An epimorphism of comonoids 7r : P — > P in the monoidal category 03 (with equalisers 
preserved by the tensor product) is called an effective descent epimorphism of comonoids 
in 03 provided the comparison functor K : <£omot)(P) — > £omoc)(P) 7r * 07r! is an equivalence 
of categories. With this last definition full contents of Definition 3.1 is explained. Note 
that the unit and counit of adjunction ix\ H tt*, the associated monad and comparison 
functor are translations of structures described in Section 2. This might be interpreted 
as passing of a consistency check and as confirmation of faithfulness of the translation 
procedure employed here. 

4. Identifying principal comodule algebras 

In this section we would like to work out what noncommutative P-principal bundles 
are in the braided (symmetric) monoidal category opposite to the category of vector 
spaces. Fix a field k. As explained in Section 3, the category of k- vector spaces 2Jectt is 
a monoidal category with the usual tensor product as the monoidal product and with the 
field k as the monoidal unit. The flip V®W 3 v<g>w i— > w<S>v € W®V is a braiding (in 
fact symmetry as it squares to identity) in 2Jectk. The category of vector spaces has all 
equalisers and coequalisers and they are preserved by the tensor product. 

We will study noncommutative principal bundles in the category 23ect^ p , opposite 
to k-vector spaces. 2Ject^ p has k-vector spaces as objects and linear transformations as 
morphisms, but a morphism / : V — > W in 5Ject^ p is given by a k-linear transformation 
/ : W — > V. Consequently, the composition in ^Jectjjf is given by the opposite composition 
of linear transformations. This 'reversing of arrows' results in 'swapping the prefix co-'. 
We now carefully study the contents of Definition 3.1 in case 03 = 2Ject^ p . 

A Hopf algebra H in 0Ject^ p is also a Hopf algebra in OJecik, and vice versa (what was the 
multiplication in one case becomes the comultiplication in the other and vice versa); i.e. 
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in both cases if is a standard Hopf algebra over k. A coalgebra B in 2?ect^ p the same as a 
k-algebra B. A right P-module coalgebra P in 2?ect^ p is the same as a right P-comodule 
k-algebra P with coaction g : P — > P®H in 23ectt. The diagram (3.4) of coalgebras in 
Q3ect£ p , after inverting all the arrows, becomes the following diagram of k-algebras 

(4.1) b p = T P®H, 

8 

where 1h '■ k — > H is the unit (map) of if. The ^-exactness of (4.1) means that 

(A) (4.1) is an equaliser diagram of k-linear transformations, 

(B) (4.1) is a cokernel pair diagram of k-algebras, 

(C) 7r is an effective descent monomorphism of k-algebras. 

Since the equaliser of linear transformations is the same as the kernel of their difference, 
the condition (A) means that B can be identified with the subalgebra of P-coaction 
invariants of P, 

B = P coH :={xeP \ g(x) = x®l H }, 

and 7r is the inclusion map. The cotensor product of comodules in 23ect^ p is the same as 
the tensor product of modules over k-algebras. Thus the statement (B) means that the 
unique k-linear map can : P®bP P®H fitting the following diagram 




mp (g, h o (idp ® 1 h ® g) 

P®P, 

is an isomorphism. Here rrip^n denotes the multiplication in the tensor product algebra, 
that is, for all x,y G P and g,h G H, 

m P ® H (x®g®y®h) = xy®gh; 

see (3.2). The map can can be easily computed (compare the proof of Lemma 3.3), 

can = (mp®\d H ) ° {}&p®bq), x® B y ^ xg(y). 

Therefore, conditions (A) and (B) mean that P is a Hopf-Galois H-extension of B. 

The map of k-algebras n : B — > P induces a pair of functors between the categories 
of their right modules dJlo'O(B) and DJlod(P) (these are the categories of right comodules 
over the comonoids B and P in 5Ject^ p ). The functor n\ : 9Jlo'd(P) — > DJlod(B), is the 
restriction of scalars functor, which views every right P-module E as a right P-module via 
the map n, i.e., for all a G B and e G E, e ■ a := e • n(a). Equivalently, n\ can be described 
as the homorphism functor Hoiiip(b?, — ) (and in the algebraic geometry literature often 
denoted by 7r* as it is the direct image functor). The functor n* : DJlod(B) — > dJHo'O(P) 
is the extension of scalars functor, for any right P-module X, ir*(V) = V®bP, with the 
action of P induced by the multiplication in P, i.e. (v<S>b^) • V '■= v^b^U, for all x,y G P 
and v G V. Equivalently, n* can be described as the tensor functor — ® B P (and in the 
algebraic geometry literature it is often referred to as the inverse image functor). 

By reversing the arrows in the underlying monoidal category, we reverse adjunctions. 
Therefore, when viewed from the point of view of vector spaces, the functor n* is the left 
adjoint of 7n = 7r*. The formula for the unit of adjunction written in Section 3 gives the 
counit of adjunction tt* H 7T* and vice versa. The composite T = 7r* o 7r* is a comonad 
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on the category WloD(P). For all right P-modules P, T(P) = E® B P with P-action 
\&E®Bfnp- The comultiplication and counit of T come out as 

E(g) B P -> E(g) B P(g) B P, e(g) B x i-> e(g) B l P (g) B x, 

and 

E® B P — > P, c(E) B x i — > 6 • x. 

A comodule (or coalgebra in category theory terminology) over the comonad T, consists 
of a right P-module P (i.e. an object of the category TloD (P) on which T operates; the 
P-action is not written explicitly) together with a right P-linear map £ : T(E) = E — > 
E® B P which satisfies conditions obtained by reversing all the arrows in diagrams (3.11) 
and replacing cotensor product by the tensor product. On elements e G E and writing 
£(e) = X]j e i®s ;r « e E® B P the conditions satisfied by £ are 

(4.2) y]£(ej)®BSj = y^e^glp®^, ^e i -x i = e. 

i i i 

Pairs (P, with £ satisfying conditions (4.2) are known as descent data and form the 
backbone of descent theory of (noncommutative) algebras; see the classic text [11] or 
modern elegant expositions [6, Section 4.7], [21]. The category of descent data corre- 
sponding to the k-algebra map n is denoted by Dtsc n . We have just shown that the 
category of comodules over T can be identified with Dtsc w , and therefore there is the 
following triangle of categories of functors 

9Jtou(P) Dcsc n 





Wlod{P). 

For all right P-modules V, the comparison functor K returns the descent datum (V® B P, £), 
where £ : V® B P — > V® B P® B P ', v® B x \— > v® B lp® B x. The functor K is an equivalence 
if and only if the algebraic descent associated to n is effective, which, by the Grothendieck 
theorem (extended in [9]) is equivalent to the statement that P is faithfully flat as a left 
P-module. (Recall that, by definition, P is faithfully flat as a left P-module if the se- 
quence of right P-module maps V — — >- V' — — *■ V" is exact if and only if the sequence 

V ® B P , V ^ B p ^£!^_ y H Q B p is exact ) 

Therefore, a noncommutative P-principal bundle in 2Ject^ p is the same as a Hopf- 
Galois P-extension P C P such that P is faithfully flat as a left P-module. If P has a 
bijective antipode, then by [23, Theorems 4.8 & 5.6], P is an H-equivariantly projective 
left P-module, that is the restriction of the multiplication map B®P — > P has a left 
P-module right P-comodule section (splitting). An P-equivariantly projective Hopf- 
Galois extension is termed a principal H -comodule algebra in [12]. A strong evidence that 
principal comodule algebras should be understood as principal bundles in noncommutative 
geometry is being uncovered in [3]. We have just arrived at the following 

Identification 4.1. Let H be a Hopf algebra (over a field k) with bijective antipode. Then 
principal H-comodule algebras can be identified with noncommutative H -principal bundles 
in the braided monoidal category 2Ject^ p . 

With this the main aim of these notes is achieved. 
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5. Further directions 

In this final section we comment on some aspects of Definition 3.1 in a general braided 
monoidal category 23 (with equalisers preserved by the tensor product). Slightly greater 
familiarity with category theory than in the rest of this article is required here. The 
discussion of internal categories in [6, Chapter 8] or [14, Chapter 2] and of Beck's theorem 
in [2, Section 3.3] might be of some assistance. 

We consider first a monoidal category 25 (not necessarily braided) with coequalisers 
preserved by the tensor product). Take a morphism of comonoids ir : P — > B and 
consider the associated monad T defined by equations (3.9)-(3.10) and the comparison 
functor K : <£omoD(P) — > £omoD(P) T defined in equation (3.12). For any right P- 
comodule (E, A), there is an isomorphism (of P-comodules) E — > EO P P induced from 
the coaction A : E — > E®P. Taking this isomorphism into account, T can be identified 
with the functor 

f := -U P PU B P : E h-> ED P Pa B P. 

Again taking the above isomorphism as a right unitor and a similar isomorphism as a left 
unitor, the category 25kom(P) of P-bicomodules is a monoidal category with the cotensor 
product Dp as its monoidal product. The fact that T is a monad means that PO B P is a 
monoid in 25icom(P). The multiplication of this monoid is 

id P a B 7i B o B id P : PO B PO B P ^ po B po P po B p -> pu b bu b p 2* PD B P, 

and the unit is induced from A P . The category (ComoD(P) T is isomorphic to the category 
of right modules over PO B P. As explained in [1], (P,PO B P) might be interpreted as an 
internal category in the monoidal category 25 (P is the object of objects and PO B P is 
the object of morphisms). With this interpretation in mind, (ComoO(P) T is isomorphic to 
the category 2}r(P, Pn B P) of internal presheaves on (P, PD B P); see [1, Chapter 6] and 
[24]. As <£omoo(P) is the category of right modules over the trivial monoid in 23kom(P), 
the functor K compares the categories of presheaves over two internal categories in 25. 

The necessary and sufficient conditions for K to be an equivalence are provided by the 
Beck Precise Monadicity Theorem [4]. In particular, if K is an equivalence, then its inverse 
functor K- 1 is defined as follows. For all (E,\,£) in €omod{P) T , if" 1 ^, A,f) = E p , 
where E p is defined by the coequaliser 

(5.1) EU B P ^—^E — ^E p . 

The existence of coequaliser (5.1) is guaranteed by the fact that K is an equivalence. 
The natural isomorphism $ : id(r omo0 (p)T -tifo K~ l is the composite, for all (E, A,£) in 
£omoO(P) T , 

*Iem> : E EU B P UEDBldp : E p U B P 

The natural isomorphism ^ : K^ 1 o K — > id £omo0 ( B ), for any right P-comodule (E, A), is 
the unique filler in the following diagram 

e(E,A) n sidp Tl EnR p 

Eu B pn B p i Eu B p 

£(En B P,id E n B ((id E ®K)oA p )) 

I *(B,A) 




«(B,A) 
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In the context of Definition 3.1 the category £omoD(P) T and the functors K, K" 1 can 
be described in purely Hopf-algebraic terms. 

Proposition 5.1. Let ti : P — > B be a non-commutative principal H-bundle in a braided 
monoidal category (05,0, l,r) as in Definition 3.1. Then: 

(1) The morphism can : P®H — > PU B P described in Lemma 3.3 is a left P-colinear 
and right H -linear map. 

(2) The functor T is naturally isomorphic to the functor which sends right P-comodule 
(E,X) to the right P-comodule (E®H,u), where 

v = (id E ®id#®£>) o (id E 0Tp :H 0id H ) o (X®A H ). 

Upon this isomorphism the resulting functor is a monad with multiplication idp®rnff 
and unit idp<g>lp-. 

(3) The category <£omoo(P) T is isomorphic to the category of relative [P, H]-Hopf mod- 
ules, Wlod{P,H). The objects ofWlod(P,H) are triples (E,X,(), where (E, A) is a 
right P-comodule and (E, () is a right H -module, such that 

Ao( = (C<S>g) ° (id E <S>Tp t H<S>id H ) ° (X®A H ). 

(4) The comparison functor K is naturally isomorphic to the functor which sends every 
right B-comodule (E,X) to the relative [P, H]-Hopf module 

(En B P, id E a B A P , id E n BQ ). 

(5) The functor K~ x is naturally isomorphic to the if -invariants functor, which sends 
(E, X, () to the B-comodule (E H , A^), where E H is the coequaliser of ( and idp®£p, 
and X H is induced from the composite 

E — ^ E®P — ' dg ^ * E®B »- E H ®B. 

Proof. The morphism (3.6) is both left P-colinear and right if-linear, where P®H 
(resp. P®P) is a P-comodule by Ap®idp (resp. Ap®idp) and if-module by idp®m# 
(resp. idp<S>g). Let i : PdpP — > Pcgp be the equaliser monomorphism, so that 

i o can = (idp(g>£>) o (Ap®idp); 

see equation (3.6). The preservation of equalisers by tensor product allows one to make 
PD B P into a left P-comodule with coaction ApDpidp defined as the unique filler in the 
diagram 

P®(PDpP) ldp ® L ? P®P®P S P®P®P®P 

~~ (Ap®idp)ot 
ApDpidp 

^ Pa B P; 

compare diagram (3.7). By construction, i is a P-colinear map. Similarly, he right in- 
action on PDpP is defined as idpdp£>, 

(id P (gimgiidp ) o ( A P ®id P ) 

PU B P p®p t P®P®P 

^ A (idp(g>7r(g>idp)o(idp(g>Ap) 

~- ^ (idp®e)o(t(giif) 
idpO B g -- _^ 

Pn B p®H; 
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compare diagram (3.8). Again by construction t is an if -linear map. Therefore, 

(idp<g)i) o (idp®can) o (A P ®id H ) = (Ap®idp) oto can = (idp<g)t) o (ApDpidp) o can. 

The first equality expresses the P-colinearity of morphism (3.6), while the second is the 
P-colinearity oft. Since the tensor product preserves equalisers, (idp®t) : (P®P)dpP = 
P<S>(PD B P) — > P<S>P<S>P is the equaliser monomorphism. The (left) cancellation property 
of monomorphisms now yields 

(idp®can) o (Ap£g>idp) = (ApDpidp) o can, 

i.e. can is a left P-colinear morphism as required. The if -linearity of can is proven is a 
similar way. This proves statement (1). 

Since can is an isomorphism of left P-comodules and right if -modules, there is a chain 
of isomorphisms 

EU B P -=->■ PDpPDpP ldgDpcan \ EU P P®H E®H. 

One uses this composite isomorphism, which is natural in E, to form the required iso- 
morphisms of functors and the required equivalence of categories. All the remaining 
statements are obtained by translation through this isomorphism. □ 

Once this interpertation of categories and functors is made, we find ourselves in the 
realm of Hopf-Galois theory in braided monoidal categories as developed for example in 
[22]. Making arguments dual to these in [22, Section 4] one associates to a noncommutative 
principal if -bundle n : P — > B a quantum category in the sense of [10, Section 12] (or a 
braided version of a bicoalgebroid in terminology of [8, Section 5]) as follows. B = P H 
is the object of objects and G = (P®P) H is the object of morphisms, where P®P is a 
[P, if] -Hopf module with coaction idp®Ap and the diagonal right if-action. The source 
and target maps are induced from 7r®£p and ep^nr. The multiplication (or composition 
of morphisms) mc '■ GO B G — > G is induced from the composite 

Ilpgp o (£><g)idp) o (idp(g>£p<g>idp<g>idp) o (idp<g>can _1 <g>idp), 

while the unit uq '■ B — > G is induced from Hp®p oA P . The coalgebra structure of G is 
induced from the tensor product coalgebra P®P op , where P° v is the opposite coalgebra 
to P, that is the object P of 03 with comultiplication rpp o Ap and counit Bp. 
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